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Abstract

A theoretical framework for analyzing the pre- and postbuckling response of composite laminates and plates with

piezoactuators and sensors is presented. The mechanics include nonlinear effects due to large rotations and stress

stiffening, and are incorporated into a coupled mixed-field piezoelectric laminate theory. Using the previous mechanics,

a nonlinear finite element method and an incremental-iterative solution are formulated for the analysis of nonlinear

adaptive plate structures subject to in-plane electromechanical loading. A novel eight-node nonlinear plate finite ele-

ment is also developed. Evaluation cases predict the buckling and postbuckling response of adaptive composite beams

and plates with piezoelectric actuators and sensors. The case of piezoelectric buckling and postbuckling induced by the

actuators is addressed and quantified. Finally, the possibility to actively mitigate the mechanical buckling and post-

buckling response of adaptive piezocomposite plates is illustrated.

� 2003 Published by Elsevier Ltd.
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1. Introduction

The need for light-weight structures in aerospace, aeronautical and automotive applications has led to

the gradual replacement of many traditional isotropic materials with composites which provide both high

stiffness and low weight. Additional requirements for multi-functionality, active vibration and noise control

and structural health monitoring has led to the development of adaptive piezocomposite materials and

structures. Buckling caused by in-plane compressive loading, combined with structural imperfections, load

eccentricity or other out-of-plane loads can lead to large deflections, structural instability and finally to
structural failure. Thus, the buckling of composite structures and their ability to carry loads beyond the

critical point into the postbuckling range has received substantial analytical and experimental attention.

For example, we mention the reviews of Leissa (1987) and Chia (1988), the models for unsymmetric plates

by Jensen and Lagace (1988), the early experimental work by Starnes and Rouse (1981), the analytical work
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by Engelstad et al. (1992) on postbuckling response and failure modes of panels loaded in compression, and

the recent works on dynamic instability (Tabiei and Simitses, 1997), thermomechanical buckling (Librescu

et al., 2000), and the buckling of sandwich structures (Kardomateas et al., 2002; Librescu and Hause, 2000).

Buckling instability is also expected to be a critical mode of failure in adaptive structures, because of
additional in-plane loads imposed by the actuators, and their anticipated multifunctional role under a

variety of loading conditions. Consequently, the buckling behavior of adaptive structures requires sub-

stantial consideration, while development of new modeling and computational capabilities for analyzing

the buckling and postbuckling response of smart structural components is required. While a vast number of

analytical and computational models have been reported (Saravanos and Heyliger, 1999), their majority is

limited to the linear region and are focused on linear static and dynamic response. Meressi and Paden

(1993) performed experimental studies to design a controller for the buckling control of a beam. Thomson

and Loughlan (1995) used piezoelectric actuators to actively control the buckling of composite strips. de
Faria and de Almeida (1999) reported a theoretical framework and a finite element for the buckling of

beams with a pair of surface attached piezoactuators using classical beam theory, and presented the

enhancement of prebuckling behavior of slender beams through piezoelectric control. Varelis and Sara-

vanos (2002a,b) reported a coupled theory and finite element for the linear buckling of piezocomposite

plates under combined electromechanical loading. Pai et al. (1993) reported an uncoupled induced strain

nonlinear theory for the dynamics and active control of piezoelectric plates Tzou and Bao (1997) and Tzou

and Zhou (1997) reported uncoupled theoretical formulations for thermopiezoelectric plates and the active

control of nonlinear deflections. Di Scuva and Icardi (1995) presented an uncoupled shear-theory based
analytical solution for the large deflections of multilayered beams with piezoelectric actuators. Oh et al.

(2001) presented an uncoupled layerwise finite element for the postbuckling of active thermopiezoelectric

plates. Finally, Varelis and Saravanos (2002a,b) reported nonlinear mechanics and developed a finite ele-

ment for the nonlinear response of active piezoelectric composite plates.

In the present paper, coupled multi-field generalized nonlinear mechanics together with an associated

plate finite element are presented, for analyzing the buckling and postbuckling response of active and

sensory piezoelectric-composite laminated plates, which include nonlinear effects due to large rotations and

stress stiffening. In this context, coupled nonlinear governing equations for piezolaminates are initially
formulated using mixed-field shear-layerwise kinematic assumptions (Saravanos, 1997). The derivation of

discrete coupled nonlinear equations of motion is subsequently described using an in-plane finite element

approximation, and based on this formulation a parabolic nonlinear laminated piezocomposite plate ele-

ment is developed. The discrete coupled equations of motion of the smart structure are finally linearized

and solved using an incremental-iterative method based on the Newton–Raphson technique. Numerical

validations of the present method are shown for the cases of buckling and postbuckling of composite plates

under in-plane mechanical loading. Additional numerical results illustrate the unique cases of active pie-

zoelectric buckling of various piezocomposite beams and plates subject to unipolar electric fields on the
actuators, and investigate the contribution of new nonlinear stiffness and piezoelectric terms. Finally, the

buckling and postbuckling response of beams and plates under combined electromechanical loading is

predicted and the possibility of active buckling compensation is investigated.
2. Laminate mechanics

2.1. Governing equations

The general case of a piezoelectric composite laminate is considered (Fig. 1a), consisting of an arbitrary
configuration of linear piezoelectric layers or composite plies and undergoing large displacements and
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Fig. 1. Piezoelectric laminates. (a) Mixed-field kinematic assumptions; (b) assumed through the thickness displacement and electric

potential fields.
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rotations. Consequently, the material of each ply of the piezoelectric laminate remains within the range of
linear piezoelectricity with constitutive equations of the form
ri ¼ CE
ijSj � eikEk; Dl ¼ eljSj þ eSlkEk ð1Þ
where i; j ¼ 1; . . . ; 6 and k; l ¼ 1; . . . ; 3; ri and Sj are the mechanical stresses and engineering strains in

extended vectorial notation, Cij is the elastic stiffness tensor, eik is the piezoelectric tensor, Ek is the electric
field vector, Dl is the electric displacement vector and elk is the electric permittivity tensor. The previous

equations describe the material behavior either on the orthogonal material axes 1, 2, 3 or the structural axes

x, y and z, respectively, provided that proper transformations are applied on material property matrices.

The Green–Lagrange engineering strains in each ply are assumed to have the following form
S1 ¼ u;x þ 1
2
w2

;x; S2 ¼ v;y þ 1
2
w2

;y ; S6 ¼ ðu;y þ v;xÞ þ w;xw;y ;

S4 ¼ u;z þ w;x; S5 ¼ v;z þ w;y ; S3 ¼ 0
ð2Þ
where the first right hand side terms describe the linear strain components, while the last right hand side

terms are the nonlinear strain components due to large out-of-plane rotations, respectively.
2.2. Kinematic assumptions

The kinematic assumptions of the coupled mixed-field laminate theory proposed by Saravanos (1997)
are used, which represent all state variables through the laminate thickness by combining a shear-

deformable linear displacement field with a discrete-layer electric potential field. The discrete-layer field

divides the laminate into N � 1 sublaminates by assuming a continuous electric potential field through each

sublaminate, such that, a piecewise continuous field results through the whole thickness of the piezola-

minate, as seen in Fig. 1b. The assumed displacements and electric potential have the following form

through the thickness
uðx; y; z; tÞ ¼ u0ðx; y; tÞ þ zbxðx; y; tÞ; vðx; y; z; tÞ ¼ v0ðx; y; tÞ þ zbyðx; y; tÞ;

wðx; y; z; tÞ ¼ w0ðx; y; tÞ; uðx; y; z; tÞ ¼
XN
m¼1

umðx; y; tÞWmðzÞ
ð3Þ
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where u0, v0, w0 are mid-surface displacements, bx and by are rotation angles, um are electric potential values

describing the layerwise electric potential field, and Wm are linear interpolation functions. The kinematic

assumptions (3) were chosen to form the basis of the developed mechanics, because they readily enable

consideration of piezoelectric laminates with arbitrary configurations of composite plies, active and sensory
layers, while capturing both mechanical and electric field variables. In the context of the previous kinematic

assumptions (Eq. (3)) and nonlinear strain relations (Eq. (2)), the strains through the thickness of the

laminate take the following form
Si ¼ S0
i þ zk0i þ SLi; SSj ¼ S0

Sj; i ¼ 1; 2; 6 j ¼ 4; 5 ð4Þ
where S0
i , S0

Sj are mid-plane in-plane and shear strains respectively, and k0i mid-surface curvatures

(Saravanos, 1997); SLi are the nonlinear laminate strains on the mid-surface. More details about the

nonlinear strain and electric field vectors are provided in Appendix A.

2.3. Generalized equations of motion

The mechanical and electrical equilibrium of the laminated plate is represented by the stress equilibrium

and the conservation of electric charge equations, respectively. Through the use of the divergence theorem,

the latter can be expressed by the equivalent variational forms shown in the right hand side of the following

equations
duTWu ¼ �
Z
V

dS iri dV þ
Z
V

dujbj dV þ
Z

Cs

d�uj�sj dC ¼ 0;

duTWe ¼ �
Z
V

dEjDj dV þ
Z

Cq

d�u�qdC ¼ 0;

i ¼ 1; . . . ; 6; j ¼ 1; . . . ; 3

ð5Þ
with bold symbols indicating vectors. The vectors Wu, We represent differences between internal and

external forces and charges, respectively, which diminish at mechanical and electric equilibrium; �s are the

surface tractions on the bounding surface Cs, �q is the electrical charge applied on the terminal bounding

surface Cq; overbar indicates surface quantities; V represents the whole laminate volume including both

composite and piezoelectric layers. Combining Eq. (5) with Eq. (4), integrating through the thickness of the

piezocomposite laminate, and collecting the common generalized strain and electric field terms, the fol-

lowing equivalent variational forms are finally derived at the laminate level
duTWu ¼ �
Z
A0

dS0T ½A�S0

 
þ dS0T ½B�k0 þ dk0T ½B�S0 þ dk0T ½D�k0 þ dS0T

S ½AS�S0
S

þ dSLT ½A�S0 þ dSLT ½A�SL þ dSLT ½B�k0 þ dS0T ½A�SL þ dk0T ½B�SL

þ
X
m

dS0T ½Em�Em þ
X
m

dk0T ½bEm�Em þ
X
m

dSLT ½Em�Em

!
dA

þ
Z

Cs

d�uT�sdC ¼ 0;

duTWe ¼ �
Z
A0

X
m

dEmT ½Em�S0

 
þ
X
m

dEmT ½bEm�k0 þ
X
m

dEmT ½Em�SL þ
X
mn

dEmT ½Gmn�En

!
dA

þ
Z

Cq

d�uT�qdC ¼ 0; m; n ¼ 1; . . . ;N

ð6Þ
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The first equation describes the mechanical equilibrium of an active laminate, where the first line con-

tains linear stiffness terms, the second nonlinear stiffness terms and the third linear and nonlinear piezo-

electric terms. The second equation describes the electrical (sensory) equilibrium of the piezoelectric

laminate at a state ðu;uÞ. In these equations, A0 is the mid-surface; A, B, D are equivalent in-plane stiffness
matrices, AS is the shear stiffness matrix; E

m
, bEm are in-plane and out-of-plane laminate piezoelectric

matrices, and Gmn are electric permittivity matrices of the laminate (Saravanos, 1997).

Eq. (6) eventually provide a set of coupled nonlinear equations which govern the buckling response of

piezoelectric laminates. Eq. (6) may not be solved directly, but they form the basis for the development of

various iterative or searching solution techniques. The Newton–Raphson technique was chosen in this work

due to its simplicity, but also because it provides a linearized system of equations of motion. In this context,

Eq. (6) are further differentiated to yield
duT dWu ¼ �
Z
A0

dS0T ½A�dS0

 
þ dS0T ½B�dk0 þ dk0T ½B�dS0 þ dk0T ½D�dk0 þ dS0T ½AS�dS0

þ dSLT ½A�dS0 þ dSLT ½A�dSL þ dSLT ½B�dk0 þ dS0T ½A�dSL

þ dk0T ½B�dSL þ ddSLT ½A�SL þ ddSLTN þ
X
m

dS0T ½Em�dEm

þ
X
m

dk0T ½bEm�dEm
S þ

X
m

dSLT ½Em�dEm

!
dA;

duT dWe ¼ �
Z
A0

X
m

dEmT ½Em�dS0

 
þ
X
m

dEmT ½bEm�dk0 þ
X
m

dEmT ½Em�dSL þ
X
mn

dEmT ½Gmn�dEn

!
dA

ð7Þ
where d expresses the variation of state variables u and u. The term with the average in-plane stress vector

N of the piezoelectric laminate appearing in Eq. (7) represents the stress stiffening effects. The average stress

has the form
Ni ¼ ½Aij�S0
j þ ½Bij�k0j �

XN
m�1

½Em
3i�Em

3 ; i; j ¼ 1; 2; 6 ð8Þ
By observing Eq. (8), the two right hand side terms represent respectively the average mechanical stress

components due to extension and extension–flexure coupling for unsymmetric plates, while the third term

represents the average piezoelectric stresses.
3. Finite element formulation

A finite element methodology for the buckling and postbuckling analysis of composite piezoelectric

plates is formulated, encompassing the previous generalized nonlinear laminate mechanics. The state

variables are approximated on the reference mid-plane A0 with local interpolation functions of the fol-

lowing form
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u0j ðx; y; tÞ ¼
XM
i¼1

u0ij ðtÞPiðx; yÞ; j ¼ 1; . . . ; 3;

b0
j ðx; y; tÞ ¼

XM
i¼1

bi
jðtÞPiðx; yÞ; j ¼ 1; . . . ; 2;

um
j ðx; y; tÞ ¼

XM
i¼1

umiðtÞPiðx; yÞ; j ¼ 1; . . . ;N

ð9Þ
where M is the number of element nodes, Pi are in-plane shape functions, superscript i indicates nodal

degrees of freedom, which include mid-plane displacements u0, rotations b and electric potential um; N
indicates the number of unknown electric potential values describing the layerwise representation through

the laminate thickness. Thus a family of in-plane elements is defined with five structural and N electric

degrees of freedom per node.

Combining Eq. (4) with Eq. (9), substituting into Eq. (6) and collecting the common nodal displacement

and electric potential terms, the following coupled system of equations results
Wuðu;uÞ ¼ �½Kuuðu;uÞ�u� ½Kueðu;uÞ�u þ F;

Weðu;uÞ ¼ �½Keuðu;uÞ�u� ½Keeðu;uÞ�u þQ
ð10Þ
which may contain the nodal displacement fug and electric potential fug vectors as unknowns. The nodal
electric potential vector u ¼ fuA;uSÞ encompasses both active and sensory electric potential terms, where

uA and uS are vectors including the applied nodal electric potentials at the actuators and the free nodal

electric potentials at the sensors, respectively. The matrices ½K� with subscripts uu, ue, ee indicate the actual
nonlinear stiffness, piezoelectric and permittivity matrices of the plate. F and Q are the externally applied

loads and charge vectors respectively. At the point of mechanical and electrical equilibrium

ðWuðu
;u
Þ ¼ Weðu
;u
Þ ¼ 0Þ, the previous equations provide a discrete system of nonlinear equations.

Away from the equilibrium point, the first equation yields the nodal imbalance force vector Wu between

internal forces, piezoelectric forces, and externally applied mechanical loads; whereas, the second equation
yields the imbalance charge vector We between piezoelectric charges, internal charges and externally applied

charges. The actual structural, piezoelectric and permittivity matrices are expressed more analytically by the

following equations
½Kuuðu;uÞ� ¼ ½K0
uu� þ ½KL

uu� þ ½K0
uu� þ ½P1ðuÞ�=2þ ½P2ðu2Þ�=3;

½Kueðu;uÞ� ¼ ½K0
ue� þ ½KL

ue� þ ½K0
ue� þ ½P3ðuÞ�;

½Keuðu;uÞ� ¼ ½K0
eu� þ ½KL

eu� ¼ ½K0
eu� þ ½P4ðuÞ�=2;

½Keeðu;uÞ� ¼ ½K0
ee�

ð11Þ
where superscripts 0 and L indicate linear and nonlinear components; P1ðuÞ and P2ðu2Þ indicate known

nonlinear stiffness terms which respectively depend linearly and quadratically on displacements. P3ðuÞ and
P4ðuÞ are new terms indicating, respectively, the nonlinear part of the piezoelectric matrices which both

depend linearly on displacements. As seen in Appendix A, the matrix P3ðuÞ appears in piezolaminates

having unsymmetrically placed actuators, when the latter are deformed at high rotation angles w;x, w;y .

When multiplied by the applied electric potential, the term yields a nonlinear actuator force component

acting through the thickness direction z; the effect of this term is illustrated in the ‘‘numerical results’’

section. Similarly, the term P4ðuÞ when multiplied by the displacement vector, represents nonlinear electric

charges at piezoelectric layers during high deformation angles. The solution of the nonlinear system (10) is

calculated iteratively using the Newton-Raphson method. Substituting Eq. (4) together with Eq. (9) into
Eq. (7) and after collecting the common terms, the linearized matrices for the nonlinear piezoelectric
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structure are obtained. These, in the context of a Newton–Raphson method provide a coupled system of

equations
½Kuuðu;uÞ�duþ ½Kueðu;uÞ�duS ¼ Wuðu;uÞ; ½Keuðu;uÞ�duþ ½Kee�duS ¼ Weðu;uÞ ð12Þ
which yields a step ðdu; duSÞ towards the solution ðu
;u
Þ of the nonlinear equations (10). The first

equation describes the linearized buckling behavior of an adaptive structure including actuator input, while

the second equation describes the linearized sensory response about a point ðu;uÞ during buckling.

The tangential structural, piezoelectric and permittivity matrices contain the following terms
½Kuuðu;uÞ� ¼ ½K0

uu� þ ½Kr
uu� þ ½KL

uu� ¼ ½K0

uu� þ ½Kr
uu� þ ½P1ðuÞ� þ ½P2ðu2Þ�;

½Kueðu;uÞ� ¼ ½K0

ue� þ ½KL
ue� ¼ ½K0

ue� þ ½P3ðuÞ�;

½Keuðu;uÞ� ¼ ½K0

eu� þ ½KL
eu� ¼ ½K0

eu� þ ½P4ðuÞ�;

½Keeðu;uÞ� ¼ ½K0

ee�

ð13Þ
The tangential matrices have very similar structure and terms with the actual system matrices in Eq. (11).

However, there is a new matrix appearing, which is the stress stiffness matrix Kr
uu, which includes the effect

of linear stress on the tangential stiffness matrix. More detailed definitions of the total and tangential

matrices are provided in Appendix A.

Linear buckling: The case of linear buckling of adaptive structures can be derived as a special case of Eq.
(12) by neglecting the nonlinear tangential terms in Eq. (12) and assuming equilibrium. Solution of the

resultant eigenproblem yields the critical buckling loads and corresponding buckling shapes (Varelis and

Saravanos, 2002a,b).
4. Numerical results and discussion

In this section, validations and evaluations of the developed models are presented for various active and

sensory piezoelectric composite beams and plates. Aluminum, Graphite–Epoxy composite, PZT5 piezo-
ceramic and PVDF piezopolymer materials were considered with properties shown in Table 1. The location

of piezoelectric layers in the piezolaminate is indicated with letter p using standard laminate notation. In the

following examples we use the terms: ‘‘critical buckling load’’ to imply buckling loads predicted using linear

buckling analysis; ‘‘buckling’’ to describe the complete phenomenon; and ‘‘prebuckling’’ and ‘‘postbuck-

ling’’ to describe the range of the buckling response before and after the critical load, respectively.

4.1. Mechanical buckling of plates

A rectangular Gr/Epoxy [±45/02/±45/02/±45/0/90]S panel subject to a combination of clamped-free and

simple-supports and progressively loaded with an in-plane compressive line force applied along the free
edge (see Fig. 2) was modeled. The dimensions of the panel were Lx ¼ 508 mm, Ly ¼ 178 mm and the

thickness of each composite ply was hl ¼ 0:14 mm. The buckling response of the plate was measured by

Starnes and Rouse (1981), and was also analyzed by Engelstad et al. (1992) using a shell element and

assuming a doubly sinusoidal geometric imperfection in the panel shape. Linear buckling analysis using the

present finite element predicted a critical buckling load Pcr ¼ 45:066 KN for the ð2; 1Þ buckling mode. The

buckling and postbuckling response was subsequently predicted for an increasing in-plane compressive

mechanical force applied at the free edge. During the present analysis, a low doubly sinusoidal ð2; 1Þ
pressure was initially applied and remained constant during the in-plane loading, such that the resultant
doubly sinusoidal transverse deformation w0=h ¼ 4% was within the range of initial geometrical



Fig. 2. Schematic composite plate configuration with two clamped sides, two simply supporting guides and an axial compressive load

applied on one clamped side.

Table 1

Mechanical properties (e0 ¼ 8:85� 10�12 F/m, electric permittivity of air)

Property Gr/Epoxy Al PZT5 PVDF

Elastic properties

E11 (GPa) 132.4 66 62 4

E22 (GPa) 10.8 66 62 4

G23 (GPa) 3.6 27 18 1.54

G13 (GPa) 5.6 27 23.6 1.54

G12 (GPa) 5.5 27 23.6 1.54

m12 0.24 0.3 0.31 0.3

m13 0.24 0.3 0.31 0.3

m23 0.49 0.3 0.31 0.3

Piezoelectric coefficients (10�12 m/V)

d31 0 0 )220 )23
d32 0 0 )220 )23
d24 0 0 670 670

d15 0 0 670 670

Electric permittivity

e11=eÐ 3.5 3.5 2598 12.43

e22=eÐ 3 3 2598 12.43

e33=eÐ 3 3 2598 12.43

Mass density

q (Kg/m3) 1586 2768 2598 1000
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imperfection considered by Engelstad et al. (1992). The applied pressure may by considered as a compa-

rable form of load imperfection which rendered the buckling response into a stable buckling path, similar to

the one observed experimentally. Fig. 3 shows the predicted normalized transverse displacement at point
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Fig. 3. Transverse deflection at point (x ¼ Lx=4, y ¼ Ly=2) of the [±45/02/±45/02/±45/0/90]S composite plate shown in Fig. 2.
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(x ¼ Lx=4, y ¼ Ly=2), while Fig. 4 shows the axial displacement at the loaded edge normalized by the axial
displacement at the critical buckling load. The present predictions are in very good agreement with both

reported numerical (Engelstad et al., 1992) and experimental results (Starnes and Rouse, 1981), which lends

credence to the convergence and accuracy of the present mechanics and finite element.

Two 42.3 · 29.6 · 0.1 mm piezopolymer PVDF sensor patches were also considered, each attached on the

upper and lower surface of the plate approximately at point (x ¼ Lx=6, y ¼ Ly=2), with the upper terminals

being free while the lower terminals were grounded. In order to realistically model the sensory response of

the piezopatch, equality constrains were imposed on the nodal electric potential over the free terminal of

each PVDF sensor using a penalty method, thus forcing the resultant sensory voltage over the terminal area
to have the same value. Fig. 5 shows the predicted electric sensory potential produced by each sensor for the

assumed polarity. Both sensors yield low and similar electric signals during prebuckling which begin to

drastically differ in the buckling and postbuckling range, moreover, the predicted sensor signals follow the
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Fig. 5. Predicted electric potential at PVDF sensors during buckling and postbuckling attached on the upper and lower surface at point

(x ¼ Lx=6, y ¼ Ly=2) of the [±45/02/±45/02/±45/0/90]S plate.
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trends of measured strains (Starnes and Rouse, 1981). The results demonstrate the inherent capability of the
method to predict the response of piezoelectric sensors during buckling and postbuckling, yet, they also

indicate the possibility of properly configured piezosensors to detect the onset of buckling and postbuckling

in a smart plate structure.

4.2. Active structures

4.2.1. Active beam

The piezoelectric buckling and postbuckling of a [p/Al/p] clamped–clamped beam was examined. The

beam was 200 mm long and 20 mm wide, the thickness of the Aluminum layer was 0.5 mm and of each

PZT5 layer was 0.25 mm. Opposite electric potentials uA and �uA volts (see Fig. 6a) were applied on the

outer terminals of the upper and lower piezoactuator respectively, such that an in-plane compressive stress

was effectively induced. In this manner, sufficiently high electric fields may cause a new type of buckling,

termed thereafter ‘‘active’’ or ‘‘piezoelectric’’ buckling. The predicted critical electric potential is shown in
Table 2. Fig. 7 shows the predicted normalized deflection at the center of the beam as function of the

applied actuator voltage for the cases of perfect and imperfect active buckling. In the fist case, an unstable

buckling path was predicted where the transverse deflection remained zero until the critical buckling electric

potential was reached, and beyond this point a transverse deflection is initiated due to nonlinear matrices

½KL�. In the second case, an imperfection induced by a very low constant uniform pressure (1.2 Pa) was

considered, thus stimulating the onset of a stable buckling path. In the prebuckling range, the transverse

deflection increases rapidly as the applied electric potential induces a negative stress stiffness matrix ½Kr�,
while near the critical point, the contribution of the nonlinear matrices begin to dominate the overall
stiffness and the beam response passes through an inflection point into the postbuckling equilibrium state.

4.2.2. Active plate

The buckling response of an active square (200 · 200 mm) Gr/Epoxy-PZT5 [p/0/90]S plate, simply

supported in all sides was predicted. The composite ply and piezolayer thicknesses were hl ¼ 0:125 mm and

hp ¼ 0:25 mm, respectively. The polarities of the applied electric fields were the same as in the previous case
(Fig. 6a), such that a biaxial in-plane piezoelectric force was induced. The predicted critical buckling electric



Table 2

Predicted critical buckling electric potentials for active beams

Beam configuration Critical electric potentials Ucr (V)

[p/Al/p] 188

[Al/p] 94

Fig. 6. Side view of actuator and applied electric potential configurations: (a) composite beam or plate with symmetric continuous

piezoelectric actuators attached on upper and lower surface; (b) composite beam or plate side view with an asymmetric piezoelectric

actuator attached on the upper surface.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.5

1.0

1.5

2.0

Φ
/Φ

cr

w/h

Perfect
Imperfect

Fig. 7. Effect of an imperfection on piezoelectric buckling and postbuckling deflection at the center of a [p/Al/p] clamped–clamped

active strip with unipolar electric fields applied at actuators (Fig. 6a).
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potential, using linear buckling assumptions, is shown in Table 3. Fig. 8 shows the predicted normalized
center transverse deflection of the plate for two cases: (a) considering only the linear initial stress matrix

½Kr� component in Eq. (12), such that, the plate transits to the second buckling mode beyond the first

critical buckling load; and (b) considering both the initial stress ½Kr� and the nonlinear stiffness ½KL�
components, thus solving the nonlinear buckling problem. In this and the following two imperfect plate

cases, a very low constant uniform pressure (4 Pa) was also considered. Clearly, the inclusion of the

nonlinear terms enables the prediction of the postbuckling response.
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Fig. 8. Piezoelectric buckling and postbuckling deflection at the center of a [p/0/90]S simply-supported active plate with unipolar

electric fields applied at the actuators (Fig. 6a).

Table 3

Predicted critical buckling electric potentials for active plates

Plate configuration Critical electric potentials Ucr (V)

[p/0/90]S 340.1

[p/45/)45]S 206.6

[p/0/90/45/)45/p] 251.2

[p/0/90/45/)45]S (25% patch coverage) 1053.13

[p/0/90/45/)45]S (56% patch coverage) 859.75

[p/0/90/45/)45]S (100% patch coverage) 775

[0/90/45/)45/p] 209.2
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4.2.3. Active laminated plates

The active buckling responses of three simply-supported active Gr/Epoxy plates with continuous PZT5

layers on their top and bottom surfaces and various laminations were considered. The dimensions were the

same as in the previous case. The piezolayer thickness was hp ¼ 0:25 mm. The composite core laminations

were [0/90]S, [45/)45]S and [0/90/45/)45], all having same thicknesses equal to hc ¼ 0:5 mm. Identical

unipolar electric fields with the previous case (Fig. 6a) were applied in all three plates. Fig. 9a shows

the predicted transverse deflection at the center of each active plate without considering any imperfections.

The electric potentials are normalized by the corresponding predicted critical values shown in Table 3. The
plates with symmetric laminations follow an unstable bifurcation path, whereas, the [0/90/45/)45] plate
follows a stable buckling and postbuckling path due to extension/bending coupling induced by the un-

symmetric lamination. Fig. 9b shows the predicted center transverse deflection of each plate versus the

applied voltage when an imperfection induced by a very low constant uniform pressure (5 Pa) was con-

sidered. In all cases, the postbuckling response is produced by the same mechanisms as discussed in the

previous cases for beams and plates. However, it is noted that in the unsymmetric piezolaminate, additional

membrane bending coupling terms contributed to the P1ðuÞ stiffness matrix due to the laminate coupling

matrix ½B�.

4.2.4. Plates with actuator patches

The active buckling response of three square Gr/Epoxy-PZT5 [p/0/90/45/)45]S plates (200 · 200 mm),
simply supported in all sides with 8 piezoceramic patches attached on the upper and lower surface as shown
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Fig. 9. Buckling and postbuckling deflection at the center of simply-supported active plates with various laminations, induced by

unipolar electric fields at the actuators: (a) without imperfections; (b) with a pressure imperfection considered.
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in Fig. 10a, was predicted. The piezoceramic patch coverage of each piezolaminate was 25%, 56% and 100%

of the plate area, the latter representing the case of a continuous layer. The composite and piezoelectric ply

thicknesses were hl ¼ 0:125 mm and hp ¼ 0:25 mm respectively. The patches were subject to unipolar
electric fields by applying opposite electric potential on the upper and lower outer terminals, as shown in

Fig. 10b. A very low uniform pressure (5 Pa) was also applied. The predicted critical electric potentials for
Fig. 10. Schematic configuration of plate with piezoelectric patches attached on upper and lower surface: (a) top, and (b) side view.
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Fig. 11. Buckling deflection at the center of a [p/0/90/45/)45]S simply-supported plate induced by PZT5 actuator patches of various

coverages.
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each case are shown in Table 3. Due to symmetry, a quarter of the plate was modeled. Fig. 11 shows the

deflection (normalized by the total thickness of the composite laminate). The diagram shows that the

piezolaminate with the lower actuator coverage, is driven more rapidly into the postbuckling region due to

its lower stiffness, however a higher buckling electric field is required. The higher contribution of the

nonlinear stiffness component in the postbuckling regime of the plate with the lower actuator coverage

(25%) is also shown in Fig. 11.
4.2.5. Beam with asymmetric actuation

The active response of a hinged–hinged asymmetric [Al/p] beam Lx ¼ 200 mm, Ly ¼ 20 mm, with a single

PZT5 layer attached on the upper surface was predicted. The thickness of the Aluminum was 0.75 mm and

of the piezolayer 0.25 mm. An electric voltage uA was imposed on the upper terminal while the inner

terminal remained grounded as shown in Fig. 6b, thus both in-plane and bending loads were induced by the

actuator. The predicted critical electric potential is shown in Table 2.
One of the objectives of this example is to quantify the effect of the term KL

ue ¼ P3ðuÞ, which is seemingly

the more important of the two nonlinear piezoelectric components appearing in Eqs. (11) and (13), as it

affects the actuator performance and consequently the active buckling behavior. It is recalled, that this term

attains nonzero values in laminates with asymmetric actuator configurations deformed at high rotation

angles w;x, w;y , and represents an active nonlinear force component acting along the thickness direction z.
Fig. 12 shows the center deflection of the active beam versus the applied electric potential for the cases

where the piezoelectric matrix includes: (a) only the linear piezoelectric term K0
ue, and (b) both linear K0

ue and

nonlinear P3ðuÞ piezoelectric matrices. In both cases, the induced stress by the piezoactuator results in a
bending moment and a compressive in-plane force, causing the stable transverse deflection path seen in Fig.

12 for P3ðuÞ ¼ 0. The difference predicted with the inclusion of P3ðuÞ, however, represents the significant

effect on the buckling response of an active force acting transversely to the beam at high rotation angles.
4.2.6. Hinged plate with asymmetric actuator

The case of a fully hinged asymmetric [0/90/45/)45/p] active plate with a continuous piezoelectric active

layer attached on the upper surface was examined. The dimensions of the plate were identical to those in the
previous cases. The thickness of each Gr/Epoxy ply was 0.25 mm and of the PZT5 layer 0.25 mm. This is
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Fig. 13. Transverse center deflection of a fully hinged [0/90/45/)45/p] asymmetric plate induced by continuous actuator attached on the

upper surface (Fig. 6b).
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Fig. 12. Transverse center deflection of a hinged–hinged active asymmetric [Al/p] strip induced by a single continuous actuator

attached on the upper surface (Fig. 6b).
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seemingly the most complex case considered thus far, involving all terms included in the present mechanics

due to the asymmetries in both laminate and actuator configuration. Table 3 shows the predicted critical

electric potential. Fig. 13 shows the center deflection of the plate as function of the applied actuator voltage

with and without consideration of the nonlinear piezoelectric matrix P3ðuÞ. The discussion of the previous

case regarding the effect of P3ðuÞ applies also here. As in the previous case, the absence of P3ðuÞ component
may result in significant underestimation of the active buckling response.
4.3. Electromechanical buckling and active buckling compensation

4.3.1. Beams

In this case the buckling and postbuckling response of a hinged–hinged, 200 mm long and 20 mm wide
[p/Al/p] beam, subject to a combination of electromechanical loading was investigated. The thickness of
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Fig. 14. Transverse center deflection during electromechanical buckling of a hinged–hinged [p/Al/p] symmetric beam with continuous

piezoactuators induced by combined in-plane displacement applied at free edge and electric potential uA at actuators (Fig. 6a).
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the Aluminum layer was 1.5 mm and of each PZT5 layer was 0.25 mm. An increasing mechanical axial

compressive displacement was imposed on one hinged edge combined with electric potential applied on the

actuators as shown in Fig. 6a. A constant uniform pressure of 4 Pa was also applied to induce a stable

buckling path. The predicted critical mechanical compressive displacement, for the case of 0 V applied on

the actuators, was ucr ¼ 5� 10�6 m. Fig. 14 shows the normalized center deflection of the beam in the

buckling and postbuckling region for various values of applied electric voltages. Clearly, the transverse

displacement is directly related to the applied electric potential on the actuators. Interestingly, the curves of

the graph corresponding to negative values of applied potentials indicate that the plate will enter into a
buckling path under higher mechanical force values, and quantify the possibility to actively compensate

mechanical buckling by inducing tensile average stresses with the piezoactuators. Whereas, the curves of the

graph corresponding to positive values, indicate a range of high buckling risk, since the beam is predicted to

enter into a buckling path under a combination of lower in-plane forces and positive electric potentials,

both inducing compressive in-plane stresses. Both cases are unique to smart piezoelectric structures and

entail their own technical merit, moreover, both examples highlight the predictive capabilities and quality

of the present formulation.
4.3.2. Plates

The active electromechanical buckling behavior of a square (200 · 200 mm) Gr/Epoxy [p/45/)45]S plate

having both edges perpendicular to the x-axis clamped was finally investigated. The thickness of each

composite ply was 0.5 mm and of each piezolayer 0.25 mm. An increasing mechanical in-plane compressive
displacement along the x-axis was imposed on one clamped edge combined with unipolar electric fields

applied on the active layers as shown in Fig. 6a. A constant uniform pressure of 2.5 Pa was also considered.

The predicted critical mechanical compressive displacement, for the case of 0 V, was ucr ¼ 0:12� 10�4 m.

Fig. 15 shows the normalized transverse deflection of the plate in the pre- and postbuckling region. The

results quantify the possibility of mitigating or increasing buckling risk depending on the applied polarity of

actuator voltage, and most comments of the discussion in the previous paragraph apply also here. The

results also suggest, that depending on the case, high electric fields may be required to be applied on the

actuators in order to compensate buckling which may exceed the linear range of piezoelectric properties
assumed in this work. While the presented results aim to quantify the sensitivity of mechanical buckling to
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applied actuator fields, the presented mechanics entails the structure to address nonlinear piezoelectric

response in future work.
5. Summary and conclusions

A theoretical framework was presented for the coupled buckling and postbuckling analysis of piezo-

electric adaptive plate structures with stress stiffening and geometric effects due to large rotations including

a finite element based solution method. Based on this framework, an eight node nonlinear plate element

was developed and encoded into a research code, enabling formal computational predictions of the

buckling and postbuckling response of composite beams and plates with piezoelectric actuators. Numerical

results were presented for various active beam and plate configurations and their buckling and postbuckling

responses were predicted and analyzed. The case of active piezoelectric buckling induced by piezoactuators
was also demonstrated and quantified. The effects of laminate configurations, actuator forms and un-

symmetric actuation were also studied. The onset of a transverse active force/pressure component at large

rotations resulting from nonlinear piezoelectric terms was predicted for the case of unsymmetric actuation,

and its contribution on the transverse deflection was quantified. Finally the results quantified the capability

range of piezocomposite structures to actively mitigate mechanical buckling and postbuckling with the

application of proper electric fields on the actuators. Overall, the results illustrated the complexity and

significance of active buckling and postbuckling behavior of piezoelectric adaptive structures, and high-

lighted the value and quality of the present nonlinear theory and finite element in the analysis and design of
adaptive structures.
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Appendix A

Nonlinear strains:
SL1 ¼ 1
2
w02

;x ; SL2 ¼ 1
2
w02

;y ; SL6 ¼ w0
;x 
 w0

;y
Electric field vector:
Eiðx; y; f; tÞ ¼
XN
m¼1

Em
i ðx; y; tÞW

mðfÞ; i ¼ 1; 2

E3ðx; y; f; tÞ ¼
XN
m¼1

Em
3 ðx; y; tÞW

m
;fðfÞ
Generalized electric field vector:
Em
1 ¼ �um

;x; Em
2 ¼ �um

;y ; Em
3 ¼ �um
Tangential matrix components (Eq. (13)):
duT½K0

uu�du ¼
Z
A0

dS0T ½A�dS0
�

þ dS0T ½B�dk0 þ dk0T ½B�dS0 þ dk0T ½D�dk0 þ dS0T

S ½AS�dS0
S

�
dA

duT½Kr
uu�du ¼

Z
A0

ddSLTN dA

duT½KL
uu�du ¼

Z
A0

dSLT ½A�dS0
�

þ dSLT ½B�dk0 þ dS0T ½A�dSL þ dk0T ½B�dSL
�
dA

duT½KL
uu�du ¼

Z
A0

dSLT ½A�dSL
�

þ ddSLT ½A�SL
�
dA

duT½K0

ue�du ¼
Z
A0

dS0T ½Em�dEm
�

þ dk0T ½bEm�dEm
�
dA

duT½KL
ue�du ¼

Z
A0

dSLT ½Em�dEm
� �

dA

duT½K0

eu�du ¼
Z
A0

dEmT ½Em�dS0
�

þ dEmT ½bEm�dk0
�
dA

duT½KL
eu�du ¼

Z
A0

dEmT ½Em�dSL
� �

dA

duT½K0

ee�du ¼
Z
A0

dEmT ½Gmn�dEn
� �

dA
Actual matrix components (Eq. (11)):
duT½K0
uu�u ¼

Z
A0

dS0T ½A�S0
�

þ dS0T ½B�k0 þ dk0T ½B�S0 þ dk0T ½D�k0 þ dS0T

S ½AS�S0
S

�
dA
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duT½KL
uu�u ¼

Z
A0

dSLT ½A�S0
�

þ dSLT ½B�k0 þ dS0T ½A�SL þ dk0T ½B�SL
�
dA

duT½KL
uu�u ¼

Z
A0

dSLT ½A�SL
� �

dA

duT½K0
ue�u ¼

Z
A0

dS0T ½Em�Em
�

þ dk0T ½bEm�Em
�
dA

duT½KL
ue�u ¼

Z
A0

dSLT ½Em�Em
� �

dA

duT½K0
eu�u ¼

Z
A0

dEmT ½Em�S0
�

þ dEmT ½bEm�k0
�
dA

duT½KL
eu�u ¼

Z
A0

dEmT ½Em�SL
� �

dA

duT½K0
ee�u ¼

Z
A0

dEmT ½Gmn�En
� �

dA
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